1213. Proposed by Rafael Jakimczuk, Universidad National de Lujd, Buenos Aires,
Argentina.

Let (a,) be a sequence of positive integers, and for every positive integer n, define
P, =1+ aan)al (14 aan)az (14 L) Find lim,_, o P,.

1214. Proposed by Luis Moreno, SUNY Broome Community College, Binghampton,
NY.

The following sequence can be found in the text Intermediate Analysis by John Olm-
sted: (1,2,21,3, 3%, 3%, 4, 4}‘, 4%, 4%, 5,...). Now let n be a positive integer. Find a
closed-form expression for a,, the nth term of the above sequence.

1215. Proposed by Greg Oman, University of Colorado at Colorado Springs, Colorado
Springs, CO.

Let R be a ring (assumed only to be associative but not to contain an identity unless
stated). Recall that a subring of R is a nonempty subset of R closed under addition,
negatives, and multiplication. Find all rings R with identity 1 # O with the property

that no proper, nontrivial subring of R has an identity (which need NOT be the identity
of R).

SOLUTIONS

A continued fraction given by Fibonacci
1186. Proposed by Gregory Dresden, Washington and Lee University, Lexington, VA
and ZhenShu Luan (high school student), St. George’s School, Vancouver, BC, Canada.
Find a closed-form expression for the continued fraction [1,1,...,1,3,1,1,..., 1],
which has n ones before, and after, the middle three.
Solution by Walther Janous, Ursulinengymnasium, Innsbruck, Austria.

In order to get the desired expression, we recall the following elegant way of evaluat-
ing the convergents of a continued fraction. [See, for instance,
https://de.wikipedia.org/wiki/Kettenbruch, particularly the paragraph “matrixdarstel-
lung.”] We have to evaluate the product

o o]

Let F, be the nth Fibonacci number. From the familiar representation

F,
[,1,..,1]=

(with n 1’s), we get

whence
117 [3 17 [t 17" _[F  F 3 1] [F F, .
1 ol ‘[t ol |t of —|F F_ | |1 Ol | F, F,,|’
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that is

o] Lo fo]

[ Foy1 - BF, 1 +2F,) Foi1 - Foot + Fy BF + Fn)}

- Fn+1'Fn71+3FnFn+l+Fn2 Fn(ZFn71+3Fn)
This leads to the desired closed-form expression of [1, ..., 1,3, 1, ..., 1]
Fuy1 BFy1 +2F,) Foy1 QF, 1 +2F,)

Fupi - Fari +3F, - Fop + F} Fup (Fun — F) + F,GF —n+1+F,)
Foyi GF, +2F,)
T F t2F Fyt B
Fo1 BF1 +2F,)
(Fu1 + F)°

Foi1 GF,1 +2F,)
Flp
Fopy (Fpp1 +2F,45)

2
Fn+2

This and
Fn+1 +2Fn+2 = n+3+Fn+2 = Fn+4

yield the closed-form result

Fn+1 Fn+4

2
Fn+2

Also solved by BRIAN BEASLEY, Presbyterian C.; ANTHONY BEVELACQUA, U. of N. Dakota; BRIAN BRADIE,
Christopher Newport U.; JAMES BRENNEIS, Penn State - Shenango; HONGWEI CHEN, Christopher Newport
U.;GrusepPE FERrA, Vicenza, Italy; EUGENE HERMAN, Grinnell C.; DoNALD HOOLEY, Bluffton, OH; JOEL I1ams,
U. of N. Dakota; HARRIS KwWONG, SUNY Fredonia; SEUNGHEON LEE, Yonsei U.; CARL Lisis, Columbia Southern
U.; GRAHAM LoRrD, Princeton, NJ; [oANA MIHAILA, Cal Poly Pomona; Missourl STATE U. PROBLEM SOLVING
GROUP; NORTHWESTERN U. MATH PROBLEM SOLVING GROUP; RANDY SCHWARTZ, Schoolcraft C. (retired); AL-
BERT STADLER, Herrliberg, Switzerland; PAUL STOCKMEYER, C. of William and Mary; DAaviD TERR, Oceanside,
CA; ENRIQUE TREVINO, Lakeforest C.; MICHAEL VOWE, Therwil, Switzerland; and the proposer.

A limit of maxima

1187. Proposed by Reza Farhadian, Lorestan University, Khorramabad, Iran.

Let @ > 1 be a fixed real number, and consider the function M : [1, oo) — N defined
by M (x) = max{m € N: m! < «*}. Prove the following:

i IMAYMQ2) -+ M(n) o
im =e .
n—00 M (n)
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